Abstract-The use of power electronics has led to a growing importance of higher time-harmonic content in electrical machines. To gain insight in phenomena related to these higher harmonics, such as noise and losses, a good understanding of the magnetic field's harmonic content is mandatory. Moreover, the development of highly-accurate analytical models requires a qualitative knowledge of the machine's harmonic content. Therefore this work aims at studying the harmonic content of synchronous electrical machines. To do so the three aspects that determine the harmonic content of the machine's magnetic field are discussed: the excitation source, the stator-current density and the geometry. Based on that discussion, general expressions for the time-and spatial-harmonic combinations are formulated. These expressions are proven to be valid for a very broad range of synchronous machines.
I. INTRODUCTION
In modern industry the effect of harmonic content in electrical drives is increasingly important. Indeed, electrical motors are often controlled using pulse-width modulation, which results in higher time-harmonic orders in the current signal. The rising importance of these harmonics has led to a growing interest for harmonic-related phenomena in electrical machines, such as noise [1] , [2] and losses [3] , [4] . To better understand these phenomena, it is mandatory to have a good understanding of which time-and spatialharmonic combinations exist in the machine and what their physical cause is. On the other hand, a variety of studies and applications require fast and accurate simulation of the magnetic field in an electrical machine. In that light a lot of research on Fourier-based models has been done lately [5] - [10] . Such models analytically compute the machine's magnetic field by expressing it as a summation of harmonic components. The computational time of these models can be significantly reduced if the present time-and spatial-harmonic content is known in advance. Evidently, the harmonic content of electric machines is a well-studied topic. However, the existing literature does not give a complete overview of the harmonic content in electric machines. Moreover, in most articles the focus is not on the harmonic content as such but on describing the MMF or analyzing the magnetic field. Therefore, this work aims at providing a qualitative study of the time-and spatial-harmonic content of all machines that are wound using the Star-Of-Slots (SOS) technique, i.e. both machines with integer-and fractional-slot windings. The work is limited to unsaturated synchronous machines that operate in steady-state, but can be extended to account for saturation and/or asynchronous operation. In order to perform the following study a number of assumptions are made. As one of the main goals of this work is to reduce the comuptational time of Fourier-based models, the following assumptions are limited to those in the majority of publications on analytical models [5] - [10] :
• No end-effects • Balanced system with an odd number of phases
II. TIME-AND SPATIAL-HARMONIC ORDERS
To study the time-and spatial-harmonic content of synchronous electrical machines, synchronous machines with surface-mounted permanent magnets are considered. In Section VII the presented study is extended to synchronous machines in general. Figure 1 shows an example of the studied machines. The topology of these machines lends itself to using a cylindrical coordinate system ( , , ) to describe their magnetic field. In the following the spatial coordinate system is fixed to the stator; ( , , ) is thus a stator reference system. However, apart from a spatial dependency, the magnetic field in the machine also has a time ( ) dependency. Obviously the machine's geometry implies a spatial periodicity over 2 mechanical radians in the -direction. This period is called the basic spatial period. If the machine is operated in steady state, it also has a periodicity over time. This period is called the mechanical time period or the basic time period ( ), it is the time the rotor needs to perform one revolution. Usually the magnetic field is expressed using auxiliary quantities such as the magnetic vector potential (A) [5] - [10] . If the end effects are neglected, A is independent of . Moreover, the magnetic vector potential will then only have a -component and thus:
Because of the above mentioned periodicities, A can be expressed using the following Fourier series over time and space:
where is the time-harmonic order and is the spatialharmonic order. The machine's mechanical rotational speed is denoted as .
Since the magnetic field can be written as a Fourier series over time and space, every Fourier coefficient ( , ( )) depends on both the time-harmonic order and the spatialharmonic order . Therefore and should always be regarded together, such time-and spatial-harmonic combination is referred to as ( , ). The part of the field related to harmonic combination ( , ) is referred to as the ( , )-component of the magnetic field. The rotational speed of this component can be calculated as:
This means that the rotational speed depends on the to ratio. Considering (2), it can be seen that both positive and negative rotational speeds are possible. Although (2) regards every possible harmonic combination ( , ), the magnetic field in a PMSM does not necessarily contain all these combinations. The machine's field, and thereby its harmonic content, is defined by three aspects; the permanent magnets, the distribution of the current density and the machine's geometry. In order to predict the harmonic content of the magnetic field, a good understanding of these aspects is required. Therefore the following sections discuss each of the aforementioned aspects and their impact on the harmonic content of the machine.
III. PERMANENT MAGNETS The permanent magnets have a remanent magnetic induction. This induction vector (B 0 ) consists of a -and acomponent. If expressed in a stator reference system, B 0 depends on both space and time and can therefore be written as an exponential Fourier series over space and time:
The magnets are a source of magnetic flux. They can, however, only introduce components of the magnetic field with a harmonic combination that is present in B 0 , i.e. 0, , , ∕ = 0 or 0, , , ∕ = 0. For that reason it is important to understand which harmonic combinations are available in the distribution of the remanent magnetic induction. First and foremost it should be noted that the magnets rotate at the mechanical speed ( ) and that the magnets as such do not change in time. The remanent magnetic induction will thus only contain harmonic combinations that rotate at mechanical radians per second. Referring to (4), this implies that only harmonic combinations with = are eligible. Secondly, as can be seen in Figure 1 , the magnet distribution contains identical parts along the -direction. Where is the number of pole pairs. These repetitions imply that the spatial period in the -direction is times smaller than the basic spatial period. This smaller period is referred to as the fundamental spatial period and it equals 2 mechanical radians. To comply with the fundamental spatial period, B 0 can only contain harmonic orders that are a multiple of . Note that this demand requires identical repetitions of the magnet distribution. If for example one of the magnets is demagnetised, it is no longer valid. Finally, in most machines the spatial distribution of the remanent magnetic induction is symmetrical in the -direction over half a fundamental period. This symmetry can only be maintained if, when referred to the fundamental spatial period, there are no even harmonic orders, i.e is odd. As a conclusion it can be stated that the magnets will only introduce time-harmonic orders, , wherefore ∈ ℎ . With ℎ the set of time-harmonic orders for which 0, , , ∕ = 0 or 0, , , ∕ = 0. In a healthy machine ℎ will only contain multiples of . Due to the assumption of synchronous operation the magnets will only introduce harmonic combinations for which = . If the magnets are symmetrical over half a period, an extra constraint can be imposed: should then be odd.
IV. STATOR-CURRENT DENSITY Like the magnets, the current density is a source for magnetic flux. But again, restrictions can be imposed on the induced harmonic combinations. In order to study these restrictions, the applied current and the spatial distribution of the windings through which these currents flow are regarded separately. The current is time-dependent and will determine which time-harmonic orders are introduced by the current density. The distribution of the windings, in contrast, has a spatial dependency and will determine which spatial-harmonic orders are present.
A. Current system
The applied current system is a balanced system with an odd number of evenly distributed phases ( ). This means that the rotation between neighboring phases is 2 electrical radians. The current, related to an arbitrary phase with number ∈ [1, ], can thus be written as a Fourier series over time:
The current density in the machine can only introduce components of the magnetic field whose time-harmonic order corresponds to a non-zero ( ) . The following general consideration on the time-harmonic content of ( ) can be made. For the sake of uniformity, the mechanical pulsation has been used in (6) . However, the base pulsation of current ( ) is the electrical pulsation = . This implies that only multiples of are eligible for . Similar as the fundamental spatial period, the fundamental time period ( ) can be defined as the base time period divided by . The assumption that the applied system is balanced implies that the sum of the current phasors should always equal zero. When referred to the fundamental time period, this means that the current does not contain time-harmonic orders that are a multiple of . This consideration results in ∕ = , with an integer. The above considerations allow stating that the current density will only introduce harmonic combinations with time-harmonic orders that are multiples of and wherefore is no multiple of . More generally it can be stated that, if ℎ contains the time-harmonic orders that are present in ( ) , the current density will only introduce time-harmonic orders, wherefore ∈ ℎ .
B. Winding distribution
As mentioned, the distribution of the windings will determine which spatial-harmonic orders are present in the machine's magnetic field. There are a great number of possibilities to distribute the windings around the stator surface. However, mostly the so called star-of-slots technique is used to assign the slots to one or more phases [11] - [13] . Both integer and fractional slot windings can be constructed using this technique. In an attempt to be as general as possible, this work regards all the winding topologies that are feasible using the SOS. Important for this work is the definition of the machine's period ( ). This is the number of times the winding topology is repeated around the stator surface, it is calculated as:
Where is the amount of stator slots. 
Fig. 2: Slot groups in electrical machines
In Appendix A the term slot group has been defined as a set of adjacent stator slots so that, at synchronous operation, the mechanical shift between similar slots of different slot groups corresponds to the time shift of the current densities linked to these slots. These slot groups are illustrated in Figure 2 . It was shown in Appendix A that, depending on whether is odd or even, the magnetic field will be identical but rotated over 2 or mechanical radians after or 2 seconds. This can be written mathematically for the magnetic vector potential:
where is 1 if is odd and 2 if is even. This time periodicity is not only valid for the complete function, it is also valid for every separate ( , )-component of the magnetic field. Indeed, according to (4) another harmonic component of the magnetic field can only have the same rotational speed if it has both a different time and a different spatial-harmonic order. This, in turn, would imply a different source term,
It can thus be written that:
Knowing that = 2 , the above can be simplified:
with an integer, this results in:
Equation (11) imposes a relation between the time-and spatial-harmonic orders. As a conclusion it can be stated that the current density will only introduce time-harmonic orders that are present in the applied currents ( ∈ ℎ ). Due to the distribution of the windings, the induced spatial-harmonic orders have to satisfy (11).
V. MACHINE GEOMETRY Unlike the permanent magnets and the stator-current density, the machine's geometry is not a source of magnetic flux. Nevertheless, the geometry can introduce additional harmonic combinations. At no-load for example, harmonic combinations, different from the synchronous ones found in Section III, are present in the magnetic field. This effect is best known as the slotting effect. The source of these extra harmonic orders is a variation along of the magnetic permeance. The reason is that such differences introduce a time periodicity, similar to the one in (8) . Indeed, under synchronous operation, the machine's rotor will have rotated over one slot pitch after a time of seconds. The rotor will then experience the same stator topology. Under no-load conditions, the magnetic field will then be equal but shifted over one slot pitch. This can be expressed mathematically in terms of the magnetic vector potential:
As explained in Section IV, this has to be true for every time-and spatial-harmonic combination separately:
And again a relation between the spatial-and time-harmonic orders is found:
where is an integer. The above mentioned time periodicity is only introduced due to different magnetic permeances in the -direction, consequently changes in the -direction do not introduce harmonic combinations. Note that, concerning the armature reaction, the effect of the geometry is embedded in the winding distribution. Therefore the geometry will have no further effect on the harmonic combinations introduced due to the current distribution. Finally, it should also be noted that differences in the magnetic permeance can also occur on the rotor. However, due to the synchronous rotation of the rotor, these differences do not affect the periodicity found in (12) . As a conclusion, it can be stated that, under no-load conditions, the machine's geometry will introduce harmonic combinations wherefore − = , .
VI. HARMONIC COMBINATIONS
In Sections III-V, the harmonic orders introduced due to the magnets, the current density and the geometry were discussed. Based on that discussion it can be concluded that, on the one hand, the source terms, being the permanent magnets and the applied current density, determine which time-harmonic orders will be present. On the other hand, the distribution of the windings and the machine's geometry determine the present spatial-harmonic orders. Practically, no-load, armature-reaction and load conditions are considered. This section discusses the present harmonic combinations for each of these conditions based on the findings in the previous sections.
A. No load
Under no-load conditions the currents in the slots equal zero. This means that the harmonic combinations found in Section IV will not be present. The magnets will introduce synchronous harmonic combinations ( = ) that are present in the magnet distribution. For every present time-harmonic order , the geometry will introduce spatialharmonic orders that satisfy (14). The restriction on the harmonic combinations under no-load conditions can thus be summarized as:
With an integer and ℎ the time-harmonic orders for which 0, , , ∕ = 0 or 0, , , ∕ = 0. In a healthy machine ℎ can only contain time harmonics that are multiples of . If the magnets are symmetrical over half a fundamental period, no time-harmonic orders wherefore is even are present.
B. Armature reaction
When B 0 = 0, the permanent magnets will not introduce any harmonic combinations. The current density will only introduce the time-harmonic orders that are present in the applied current. The introduced spatial-harmonic orders are defined by the distribution of the current density (11) . The restrictions on the harmonic combinations can then be summarized as:
With an integer and ℎ the time-harmonic orders for which ( ) ∕ = 0. ℎ can only contain multiples of and will not contain any time-harmonic orders for which is a multiple of .
C. Load conditions
The load situation is a superposition of the no-load and the armature-reaction situations. This implies that all the harmonic combinations that satisfy either (15) or (16) will be present in the magnetic field.
VII. VALIDITY
In the previous sections a synchronous machine with surface-mounted magnets was considered. However, the results, presented in Section VI, may be applicable more generally. Therefore this section regards the validity of the performed study.
A. Rotor topologies
As already mentioned in Section V, the differences in magnetic permeance between the magnets and the magnet gaps have no effect on the present harmonic orders. This is true for every difference in magnetic permeance on the rotor. Indeed, such differences do not affect the time periodicity found in (12) . This implies that the results from Section VI are also valid for machines with buried magnets. Despite an increasing popularity of permanent-magnet excited machines, the vast majority of synchronous machines is still excited using electromagnets. Although the excitation source is different in such machines, it has the same characteristics as regards periodicity. If the excitation current is constant, the excitation as such does not vary in time. Combined with the previous consideration that differences in magnetic permeance have no effect, this implies that the obtained results are also valid for machines with a classical excitation.
B. Winding topologies
The winding topologies considered in this work are double-layer topologies. However, the SOS technique can also be used to construct single-or multilayer topologies [12] , [13] . Nevertheless, the findings from Section VI are still valid. Indeed, switching to a single or multilayer topology does not change the fact that a number of slot groups can be defined, resulting in a time periodicity as in (8) . Note that for single-layer topologies only half of the slots is considered to construct the star-of-slots [12] . This may affect the number of slot groups.
VIII. CONCLUSIONS
In this work the study of the harmonic content of synchronous electrical machines has been extended to harmonic combinations, where both the time-and spatial-harmonics are regarded. This has resulted in general rules to determine which harmonic combinations are present in the magnetic field, see Section VI. Sections III-V clearly indicate where the different harmonic combination originate from, this information can be used to get a better insight when studying harmonic-related phenomena in synchronous electrical machines. The presented work hereby provides an answer to the need for a better understanding of the harmonic content in the magnetic field of synchronous machines. Although the range of machines to which this study applies is very large, induction machines and machines that are not wound according to the star-of-slots theory may contain other harmonic combinations. It would therefore be interesting to perform a similar study for these machines. An other interesting topic for future research is the application of the above findings in Fourier-based models. It is the authors' conviction that the computational time of such models can be drastically reduced by considering the results of this work.
APPENDIX A SLOT GROUPS
In this section the term slot group is introduced as a number of subsequent slots so that, under synchronous operation, the mechanical shift between two slot groups equals the time shift of their corresponding current densities. In other words, the time the rotor needs to rotate from one slot group to the next equals the time shift of the current densities related to those slot groups. For simplicity reasons the slot groups are chosen so that each group is dominated by one phase, this is illustrated in Figure 2 . In the following the mechanical shift and the time shift of different slot groups are calculated to prove that they indeed correspond.
A. Mechanical shift
If the number of slots per machine period is odd, every phase will dominate one slot group per machine period. Indeed, every phase should dominate an equal number of similar slot groups, otherwise the winding distribution can never be balanced. A phase dominating more than one slot group, on the other hand, would imply two coinciding spokes in the star of slots. This in turn would imply that all of the following spokes also coincide with another spoke, this can only happen if these spokes belong to another machine period. Therefore a machine with odd contains slot groups. The number of slots per slot group ( ) can then be calculated as: =
If is even, spoke + 2 will be opposite to spoke . Indeed, the rotation between these spokes is:
Since is even and is the greatest common divider of and , has to be odd. This means that spokes and + 2 are indeed opposite. Because of the fact that this is true for every spoke, every phase will dominate two similar groups of slots per machine period. One due to the spokes in its positive phase zone and one due to the spokes in its negative phase zone, this can be seen in Figure 2a . This implies that the number of slot groups is now 2 , the number of slots in every slot group is then:
The mechanical shift between similar slots of subsequent slot groups can now be calculated as:
where is 1 if is odd and 2 if is even. The mechanical shift, found in (20), translates to a time shift when divided by the synchronous pulsation:
B. Time shift
In the SOS, the angle between two subsequent slots is 2 electrical radians. This implies that in the SOS the angle between similar slots of subsequent slot groups is:
The SOS consists of 2 phase zones with a mutual shift of radians, see Appendix ??. Knowing this, the number of phase zones between similar slots of subsequent slot groups can be calculated as:
The time shift between currents linked to consecutive phase zones in the SOS is electrical radians. Consequently the shift in electrical radians between the currents linked to similar slots of subsequent slot groups is: 2
Which results in a time shift when divided by the electrical pulsation:
This indeed equals (21). Practically this implies that the rotor will experience the same current density after or 2 seconds, depending on whether is odd or even. From the stator point of view it means that after or 2 seconds the armature reaction field will be identical but shifted over 2 or mechanical radians respectively.
